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MATRIX MODELS AND BLACK HOLES Sumit R. Dase-mail: das@tifrvax.bitnet Tata Institute of Fun-
damental Research, Homi Bhabha Road, Bombay 400 005, India We show that an integral transform of the
fluctuations of the collective eld of the d = 1 matrix model satisfy the same linearized equation as that of
the massless "tachyon" in the black hole background of the two dimensional critical string. This suggests
that the d = 1 matrix model may provide a non-perturbative description of black holes in two dimensional
string theory.
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In the past two years strings moving in two dimensions have been studied extensively from two dierent
points of view. The rst is a lattice approach based on the one dimensional matrix model [- ], while the
second is based on the Polyakov formulation of the two dimensional critical string [- ]. The double scaling
continuum limit of the d = 1 matrix model with a scaled inverted harmonic oscillator potential has been
shown to correspond to one background of the two dimensional critical string, viz. the liouville theory
coupled to a single matter eld on the worldsheet. Indeed there is very good agreement of matrix model
and continuum results for tree level quantities like the S-matrix. Furthermore both the matrix model and
the one dimensional Liouville theory have the same global W - innity symmetry In the matrix model the
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symmetry has been shown to be present in the full quantum theory and corresponds to W1+1 []. In the
continuum theory the tree level theory has been shown to possess a w1+1 symmetry [] which is the classical
limit of the W1+1 symmtery [- , ].
Another background of the continuum two dimensional critical string has attracted a lot of attention
in recent times for obvious reasons : that of the two dimensional black hole [, ]. However an understanding
of the black hole in the matrix model has not yet been achieved. In this note we provide a hint to the
connection of matrix model with elds moving in a two dimensional black hole background.
A physically transparent description of the perturbative aspects of the scaling limit of the d = 1 matrix
model, at least in the low energy sector, is provided by Collective eld theory where the collective eld is
the density of eigenvalues of the matrix [, ]. In the most direct interpretation of collective eld theory, the
"time-of-flight" variable in the matrix model is identied with the spatial dimension of the two dimensional
critical string around a linear dilaton and cosmological constant background, and the fluctuation of the
collective eld is identied with the space derivative of the massless tachyon []. This interpretation also
follows directly from the fermionic eld theory formulation [].
In this note we show that a certain linear integral transform of the fluctuations of the collective eld
obeys the same linearized classical equation of motion as that of a massless scalar in the black hole background
of the two dimensional critical string. By explicitly evaluating the transform of a general classical solution
of the collective eld we show that we get the correct solutions for a massless scalar in the black hole
background in all the regions of spacetime. Thus the elementary excitation of the matrix model can be also
interpreted as a massless scalar in a black hole background Our proposal is dierent from the speculation
in [] where it was proposed that a covariantized collective eld theory along the lines of [] could describe
tachyons in black hole backgrounds. Here we deal with the same collective eld theory as in [] and not
an extension of it.. The physically interesting asymptotic states in the black hole background are related
by a nonlocal transformation to those in a linear dilaton - cosmological constant background so that the
physics of scattering processes are not identical. Nevertheless quantities of interest in black hole physics
may be calculable from those in matrix model and this connection may provide a possible framework for
understanding non-perturbative issues in the quantum aspects of black holes. In the context of worldsheet
theories a similar connection between the SL(2, R) coset model and liouville theory have been noted earlier
in []. Finally since the transformation is linear, we argue that symmetries of string theory in a black hole
background are isomorphic to that in the liouville background, a fact recently found in the continuum theory
[].






(∂xφ(x)) φ(x) (∂xφ(x)) + β2(
pi2
6
φ3(x) + (4µ− x2)φ(x)) + V
where x denotes the space of eigenvalues of the original matrix model, φ(x) denotes the collective eld which
is the density of eigenvalues and φ(x) is the momentum conjugate to φ(x). µ denotes the scaled fermi
level to be identied with the worldsheet cosmological constant. In β = Ng , where the original matrix is
N N and the coupling of the matrix model is g. In V = 12
∫
x=y dx φ(x)∂x∂ylog jx− yj. In this paper we
shall be concerned with the classical theory; we will, therefore, ignore issues of normal ordering of the above
hamiltonian (which is of course necessary to make contact with the quantum string theory).
The classical equations of motion follow from the above hamiltonian
∂tφ = − 1
β2




φ2 + (4µ− x2))





(x2 − 4µ) 12 φ(x, t) = 0
We expand around this ground state solution in the standard manner
φ(x, t) = φ0(x) +
1
β
~φ(x, t) φ(x, t) = β ~φ(x, t)
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Consider rst the linearized equation satised by the fluctuation ~φ(x, t). This is obtained by eliminating the




~φ = ~φ+ 3x∂x ~φ+ (x2 − 4µ)∂2x ~φ
To obtain the standard interpretation of the collective eld one introduces the time of flight variable τ




~φ(x, t)  ∂xη(τ, t)
For our double scaled potential x = 2
p
µ cosh τ . Semi-classically the range of x is from 2
p
µ to 1, so that
the range of τ is from 0 to 1. The eld η(τ, t) satises Dirichlet boundary conditions at τ = 0. With a trivial
rescaling of the time t one has the equation for a massless scalar eld in two dimensions : [∂2t −∂2η ]η(τ, t) = 0.
As is well known, the interaction terms reflect the behavior expected from the presence of a nontrivial dilaton
background which asymptotically agrees with a linear dilaton.
For the purposes of this paper it is convenient to work in terms of the eld ~φ(x, t) rather than η(τ, t).
The rst step in our transformation is to dene






dx e−px ~φ(x, t)
Using the Dirichlet boundary conditions it may be easily checked that the equation for ~φ implies the following
equation for U(p, t)




The quantity U(p, t) is related to the macroscopic loop operator (with its classical value subtracted out)
by a factor of 1p , so that to this order of
1
β pU(p, t) satises the Wheeler deWitt equation for the Liouville
model. The latter can be also derived directly from the fermionic formulation of the matrix model This has
been written down from a calculation of two point functions in []. The loop operator dened with imaginary
p has been shown to obey the Wheeler-de Witt equation directly from the operator equations of motion of
the fermionic eld theory in []..
We now dene a eld T (u, v) by the following transform








The equation for U(p, t) then implies the following equation for T (u, v)
[4(uv + µ)∂u∂v + 2(u∂u + v∂v) + 1]T (u, v) = 0
This is precisely the equation of the massless tachyon moving in a black hole background of two dimensional
critical string theory written in Kruskal like coordinates. The invariant form of the equation is
r2T − 2rT  rD + ( 2
α0
)T = 0
where r denotes target space covariant derivative and D is the dilaton background. α0 is the string tension.
In Kruskal like coordinates the black hole solution in the small α0 limit has the metric and dilaton elds []
Guv =Gvu =
1
2( 2α0 uv + a)
Guu = Gvv = 0







The parameter a is the mass of the black hole. Substituting in and comparing the resulting equation with





The same relation holds in the connection between SL(2, R) coset model and liouville theory proposed in [].
The eld T (u, v) is dened in the entire two dimensional plane. We will now show explicitly that T (u, v)
thus dened gives the correct solution of in all the regions of the (u, v) plane. To do this it is convenient to
dene coordinates (r, θ) in the four regions as follows
u = r eθ v = r e−θ for u, v  0 Region I
u = −r eθ v = r e−θ for u < 0, v > 0 Region II
u = −r eθ v = −r e−θ for u, v < 0 Region III
u = r eθ v = −r e−θ for u > 0, v < 0 Region IV
Regions I and III are the exterior regions. Region II contains the future black hole singularity at uv = a
while Region IV contains the past singularity.
Let us now obtain T (r, θ) by starting from the denition . Start with the equation satised by U(p, t).
A solution of the form U(p, t) = eiνtUν(p) is readily obtained. For η(τ, t) satisfying Dirichlet boundary







where K stands for the modied Bessel function. Using the parametrization in equation and performing
the integration over t (after a shift of the integration variable t! t+ θ we nd





µp) Kiν(−2ipr) Region I





µp) Kiν(2pr) Region II
We will not write down formulae for the other two regions since they are trivially related to those in I and
II. The T (r, θ) are thus given in terms of K-transforms of the macroscopic loop operator. Both the above
integrals may be evaluated explicitly []. The nal result is






























; 1; 1− µ
r2
) Region II
These are in exact agreeement with one solution of in each of the regions. This may be seen by writing
T (r, θ) = eiωθ r−(1+iω) Tω(r)
Dening new variables z = 1 + µr2 in Regions I and III and z = 1− µr2 in Regions II and IV, we obtain the a
standard hypergeometric equation. One solution may be written as




















where F (a, b; c; z) stands for the hypergeometric function. The solutions in Regions III and IV are obtainable
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− 2n . In Region II one has to replace µ! −µ. The solutions agree with
the expressions (upto a constant).
It is interesting that the T (r, θ) obtained by evaluating the transform yields one of the solutions of the
dierential equation satised by T (u, v). This is related to the fact that the matrix model always picks out a
specific combination of dressings of the continuum theory, as is also manifest in the standard interpretation
of the matrix model as a liouville background. Perhaps more signicantly the solution in the interior region
which is picked out is the one which is regular at the singularity r2 = µ in Region II, and not the one which
has a logarithmic singularity The behavior of the tachyon eld near the singularity has been investigated in
[] and []..
To obtain the asymptotic states which satises physically interesting boundary conditions in the exte-
rior region it is necessary to rewrite the above solutions using standard relations between hypergeometric
functions. For example in Region I
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and we have omitted an overall ν-dependent constant. The two terms in are in
exact agreement with two of the tachyon vertex operators found in the SL(2, R)/U(1) coset model in [] after
a change of variables r ! sinh (r/2). These modes vanish on the past and future null innities respectively
and represent left and right moving modes at spatial innity. The other two modes which vanish at the past
and future horizons ( and represent left and rightmoving plane waves on the horizon) are given by the two
terms of the following rewriting of the hypergeometric functions in






























Thus the transform of the macroscopic loop operator is a linear combination of the asymptotic solutions in
the black hole geometry. This fact should play an important role in understanding quantum aspects of the
black hole in terms of matrix model quantities.
It is convenient to view T (u, v) as a fourier transform of a dierent eld, particularly if one is interested
in performing the transformation in the action. This is dened as follows. Consider coordinates (z, w) which
are related to (p, t) in the following manner:
z = p et w = p e−t for z, w  0 (Region A) and z, w < 0 (Region C)
z = p et w = p e−t for z < 0, w > 0 (Region B) and z > 0, w < 0 (Region D)
The coordinates (z, w) thus cover the entire two dimensional plane. Then we dene a eld U(z, w) as
U(z, w) = U(p, t) in Region A and C
U(z, w) = U(ip, t) in Region B and D
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Note that U(ip, t) satises equation with µ ! −µ. Then the transformation is a simple fourier transform
of U(z, w) thus dened in the the entire (z, w) plane to the (u, v) plane. One may now use this to write
down the quadratic action of U(z, w) starting from the quadratic action for T (u, v) or vice versa. Note that
due to diering signs in the jacobians for transformations from (z, w) to (p, t) in the dierent regions the
contributions of the various regions actually add up when expressed as an integral over p and t.
It is now well known that the d = 1 matrix model has a W1+1 symmetry, which is most transparent in
the fermionic formulation of the model [, ]. In the classical collective eld theory the corresponding symmetry
is the classical limit of W1+1 symmetry, viz. the w1+1 symmetry [, ]. It is as yet unknown whether this
w1+1 symmetry becomes the full quantum W1+1 symmetry in the collective eld theory In [] it was argued
that the symmetry of the quatum collective eld theory is still w1+1. This is in contradiction with the
exact results of the matrix model, as obtained from the fermionic eld theory [].. Our identication of the
tachyon eld around a black hole as a linear integral transform of the collective eld shows that the classical
theory around a black hole background would also possess a w1+1 symmetry. Indeed recent studies of the
SL(2, R)/U(1) conformal eld theory seem to indicate an isomorphism of the symmetry structure with that
of the c = 1 liouville theory []. Our result provides a natural explanation of this isomorphism from the point
of view of the matrix model.
To enable one to use the full power of the matrix model to address questions in black hole physics it is
necessary to express the above transformation in the language of the fermionic eld theory. The basic object
in the fermionic formulation is the bilocal operator of fermions, one version of which is []
W (α, β, t) = 1/2
∫ 1
−1
dx eiαx ψy(x+ β/2, t) ψ(x− β/2, t)
Clearly W (α, 0, t) is the fourier transform of the collective eld φ(x, t) = ψy(x, t)ψ(x, t) and is related to the
quantity pU(p, t) for imaginary values of p. The equal time commutation relations of the W (α, β, t) satisfy
the full W1+1 algebra. In the classical limit this reduces to the w1+1 algebra, the algebra of area preserving
dieomorphisms on a plane.
In view of the above discussion it is natural to dene the quantities




t v+e−t u]W (α, β, t)
which would obey an isomorphic algebra to that of W (α, β, t). The quantities Z(u, β, v) would then represent
the natural generators of the algebra in the new language.
The complete bosonization of the fermionic eld theory is best expressed in terms of the quantum
distribution function u(x, p, t) which is the fourier transform of the W (α, β, t) []
u(x, p, t) =
∫
dαdβ eiαx+iβpW (α, β, t)
The integral of u(x, p, t) over p,
∫
dp u(x, p, t) being simply the collective eld φ(x, t). In [] the matrix model
is exactly rewritten in terms of the eld u(x, p, t) ; this bosonic model reduces to the collective eld theory
in an appropriate limit. Our discussion then indicates that the natural bosonic variable in terms of which
the matrix model appears to be a critical string theory in a black hole background is








dx e−lx u(x, p, t)
Perhaps a genuinely three dimensional transform from the (x, p, t) is more appropriate.
In conclusion, we have shown that the the d = 1 matrix model can be interpreted as a theory of the
massless tachyon moving in the black hole background of the two dimensional critical string theory, the
tachyon eld being a linear integral transform of the collective eld. While we have shown this from the
collective eld theory point of view the connection should be understandable in the fermionic eld theory as
well, the latter being more suitable for nonperturbative studies. The important question is to understand
6
the exact calculations of the matrix model in the framework of this interpretation. The connection we found
may lead to the exciting possibility that vexing questions in quantum black holes may be addressed and
resolved in an unambiguous way by posing the right questions in the matrix model.
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